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As advocated in hep-th/0307098 we construct the non- linear realisation of the semi-direct 
product of Ell and its first fundamental representation at lowest level from the IIA view- 
point. We find a theory that is 50(10, 10) ® GL{1) invariant and contains the fields of 
gravity, a two form and a dilaton but which depend on coordinates which belong to the 
vector representation of SO(10,10). The resulting Lagrangian agrees that of recent work 
on the so called doubled field theory. However, the construction given in this paper is 
straightforward and systematic. It also reveals the relevant underlying symmetries and 
opens the way to include the Ramond-Ramond, and higher level, fields together with 
additional coordinates of the generalised space-time. 
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When the En symmetry was first conjectured space-time was encoded into the non- 
linear reahsation by introducing the space-time translation generators in an ad hoc manner 
[1,2]. It was subsequently proposed [3] that one should introduce generators transforming 
in the fundamental representation li of -En; more precisely one should take the non-linear 
realisation of the semi-direct product of En and a set of generators in the fundamental 
representation associated with node one ( see figure 1) , i.e. En li [3]. At lowest levels 
the li multiplet in eleven dimensions begins with the space-time translation generators Pa, 
then a two form Z"^"^^ ^ five form generator ^'"^•••"^ and a generator ^"i - ^ti^) together 
with an infinite number of other generators. In this approach the fields in eleven dimen- 
sions would depend on all the coordinates introduced in this non-linear realisation that is 

There is convincing evidence that all the brane charges are contained in the h rep- 
resentation [3,4,5,6,7] and the introduction of the different coordinates corresponds to 
measuring using the different brane probes. The non-linear realisation based on En 0^ li 
is a theory that possess many new unfamiliar coordinates, indeed at all levels an infinite 
number of coordinates and it is not clear how to recover a field theory which has only the 
dependence on the usual space-time. Nonetheless the non-linear realisation of En'^sh has 
been used to construct the gauged supergravities with maximal supersymmetry, at least 
the field strengths of the four dimensional theories, although the techniques used are apply 
to all dimensions [8]. In this case not all the coordinates of the h representation were used 
but instead of taking just the usual space-time coordinates one took a space-time to be 
a slice which lies in li and En and contains many new coordinates. 

A new generalised geometry was proposed in references [8,9] and then subsequent 
to reference [3] used in a large number of papers to reformulate parts of supergravity 
theories. However, reference [3] automatically introduces a generalise tangent space with a 
generalised vierbein which is easily computed and whose role in the theory is very strongly 
constrained by the symmetries of the non-linear realisation. It is clear that many features of 
the work using generalised geometry are automatically encoded in the non-linear realisation 
of En (8)s ^1- 

In this paper we will compute the non-linear realisation of En ®s at the lowest 
level appropriate for the IIA theory. This has a 50(10, 10) ® GL{1) symmetry and the 
same fields as the NS-NS sector of the superstring, however, these fields depend on the 
coordinates x°',ya that belong to the vector representation of SO (10,10). Following the 
ideas put forward in [11,1,2,12] we consider the fields to only depend on and demand 
that the theory is invariant under diffeomorphisms. This fixes the coefficients in the La- 
grangian and we arrive at the Lagrangian for the Neveu-Schwarz-Neveu-Schwarz sector of 
IIA supergravity. A key role is played by the GL{1) part of the symmetry without which 
a group theoretic derivation of the result would not have been possible. The coordinates 
x", Ua were first introduced in the context of string theory in reference [13,14]. In a recent 
paper [15] the the non-linear realisation of En li at lowest level appropriate for the IIA 
theory was used to deduce a formulation [13] of the bosonic sector of the superstring. 

To find a ten dimensional theory from the En non-linear realisation one must select 
an Aq, or Sl(lO), subalgebra, the so called gravity line, as this subalgebra leads to ten 
dimensional gravity. Looking at the Dynkin diagram of En, see figure 1, one sees that 
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there are only two possibilities; the nodes from one to nine inclusive and the nodes one to 
eight inclusive and node eleven. The latter leads to the TIB theory [16] and the former the 
IIA theory [2] which is the subject of this paper. There are two nodes in the IIA theory 
which are not associated with gravity, that is nodes ten and eleven. Deleting node ten 
(see fig 1) leaves the algebra Dio, in particular its real form SO(10,10), and it is useful to 
decompose the En adjoint representation, which is the one that occurs in the non-linear 
realisation, into representations of SO(10,10). However, to recognise objects that are more 
familiar it is helpful to further decompose these representations into those of SL(IO) which 
corresponds to deleting node eleven in addition. 

The representations that occur in a decomposition of the adjoint representation of En 
to a subalgebra associated with a deleted node can be classified in terms of increasing levels, 
whose precise definition is given in appendix A. The decomposition into representations 
of SO(10,10), associated with the deletion of node ten, at level zero is just the adjoint 
representation of SO(10,10) together with one other generator which is in the Cartan 
subalgebra of En. When written in terms of representations of SL(IO) the generators of 
the adjoint representation of SO(10,10) are K'^b, Rab, a, 6 = 1,2..., 10, where the 

K^-h are the generators of the adjoint representation of the SL(IO) of the chosen gravity 
line. There other generator we will denote as R. Their algebra is derived from En in 
appendix A and is given by 

[K\, K'd] = 51K\ - 52K% [K\, R""] = StR""" - SfR'"^, [K\, R,d] = S^cRbd + S^Rbc, 

[R^'^Rcd] = 4(^|e^'^d] + Ir, [R''\R'"'] = = [Rab,Rcd], [R,R"'] = 0, [R,Rcd] = (1) 

where R = — X]a=i -^"a + Si^^^n- We will show in appendix A that this algebra is that 
of SO{10, 10) §>> GL{1) where the last factor has the generator R. 

In the non- linear realisation of En the generators of the Borel subgroup lead to fields 
and so at level zero we find the fields ha^, ^0102 ^nd a that is the fields of the NS-NS 
sector of the IIA string. At the next level, i.e. level one, one finds generators, and so 
fields, which are all anti-symmetric tensors of SL(IO) which have odd ranks, i.e. those of 
one to nine and these belong to the Majorana Weyl spinor representation of SO(10,10). 
These include the fields of the Ramond-Ramond sector and their duals as well as a rank 
nine form field that gives rise to the massive IIA theory. At higher levels one finds infinite 
number of fields many of which have a complicated index structure. In fact the six form 
field which is the dual of the two form field at level zero occurs at level two. 

As explained in reference [3] to introduce a generalised space-time into the non-linear 
realisation we must also consider the fundamental representation of £"11 associated with 
node one, denoted by h, see appendix A. In particular we will consider the non-linear 
realisation of the semi-direct product of £^11 and a set of generators that transform under 
En transformations, i.e En commutators, like the li representation; we denote this semi 
direct product as En ®s ^i- The coordinates of the generalised space-time arise as the 
parameters of the generators in the general group element. At level zero with respect to 
node ten the generators of the h representation are = {Pa, Q", a = 1,2..., 10} which 
belong to the vector representation of S'O(10, 10). Their commutation relations with those 
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of SO{10, 1)) (8) GL{1) are derived in appendix A from the En (8)5 li algebra and are given 

by 



Q^] = S',Q- + [Rab, = 4(5^P5 - <5,^P„) = 25[=,P5], [P«^ Q'^] = 0, 

[P, PJ = -3Pa, [P, g"] = -3Q" (2) 

At level one the generators of Zi, and so the associated coordinates, are all tensors 
of SL(IO) of even rank and they belong to the Majorana Weyl spinor representation of 
SO(10,10). It is of opposite chirality to those of the level one fields mentioned above. 

We can now construct the non-linear realisation of E\\ ®g l\ with local sub-algebra 
K{E\\) at level zero where K{G) denotes the Cartan involution invariant subalgebra of 
the algebra G. This is just the non- linear realisation of {En 0s h)^^^ = (50(10,10) ® 
GL{1)) 0s l^, whose algebra is given in equations (1) and (2) above. The local subalgebra 
of the non-linear realisation is just the Cartan involution invariant subalgebra of SO(10,10) 
which is S'O(IO) ® 50(10). The non-linear realisation is built from a general element of 
(£■11 0s h)^^^ which is taken to transform as g Qogh where the rigid transformation 
go G (Pii 0s h)^^^ and the local transformation h G 50(10) 50(10). Using the latter 
we can bring the general group element of {En 0g h)^^^ to be of the form 

g = gi9E, where gi = e^"^«+2'«Q" and gE = e^'^ e^^'^e"^ (3) 

where R = ^(Oif-'^-'^ii — X]a=i -^"a) and the fields ha^^Aa^a^. ^^d a depend on x°- and y^- 
We note that we are using a different scalar generator R rather than the R that appeared 
in equation (1) and it has the commutators 

[P, Pa] = 0, [P, g"] = ig", [P, K\] = 0, [P, P«^] = ^P«^ [P, Rab] = ~Rab (4) 

The Cartan form is given by 

V = g-^dg = g^^dx^Pa + dyaQ'')gE + QE^dgE (5) 
The first term is given by 

g-\dx''Pa + dyaQ'')gE = {dx'',dya)£{j^i^ =dz^£L (6) 



where the 2D by 2D matrix £ is given by 



e \eAe 2" 




£ = {dete)-^ ( ^ ) (7) 
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where e = e^°' = (e'^)^" and A is the matrix ^ai02- We can think of £^ as a generahsed 



vielbein. In the last hne we have use the definitions dz^ — (dx", di/a) and L = {^Qb j- We 

note that S does not have determinant one, but this is consistent with the presence of the 
additional GL(1) generator in the algebra whose non-linear realisation we are constructing. 

The Cartan form is inert under the above rigid transformations but transforms under 
the local transformation /i as V — )• h~^Vh + h~^dh. However, carrying out a rigid trans- 
formation g — )■ gog on the general group element of equation (3) we find that gi — )■ gogWo^ 
and gE goQE as the li generators form a representation of £"11. As a result the co- 
ordinates form a representation of -En, and in particular at level zero x°' and ya form a 
representation of E^^ = 50(10, 10) ® GL{1) and the action of rigid e[^^ transformations 
on the coordinates is given by 

As expected they transform according to the vector representation of SO(10,10). 

We can define the action of the vector representation of /c e E'f^ = SO{10, 10)^GL{1) 

using the generators of l^'' by U{k){LN) = k~^Ljqk = D{k)N^ Lm where Ljv ~ (^Qb^ 

and D{k)N^ is the matrix representative. As a result of equation (8), we find that dz^ — > 
dz"^' = dz^ D{gQ^) or putting in the indices dz'^^ — 7> dz'^^' — dz'^^ D{gQ^)M^ where 
as before dz'^^ = {dx'^ , dya)- The derivative On = -^w in the generalised space-time 
transforms as d'^ — D{gQ)N^ Om- Examining equation (5), we note that £ is equal to 
the matrix D{gE)N^ • Almost identical considerations hold at all levels in the En ®s h 
non-linear realisation. 

As the Cartan form is inert under rigid transformations, their action on the co- 
ordinates must be compensated by that on £ which we give the indices £n^ and so 
£n^' — D(go)N^ £m^- The generalised vielbein £n^' transforms on its upper index 
by a local 50(10) (S> 5*0(10) transformation and so we can think of the upper index as a 
tangent index and the lower index as a world index. 

Rather than use the Cartan forms we will construct the action out of M = gElcidE^) 
where Ic is the Cartan involution. It is easy to see that M is inert under local transforma- 
tions but transforms as M — )■ M' = goMIc{gQ^) under rigid transformations. Fortunately 

at level zero, that is for the group £'11'', Ic{g~^) = g^ ■ It follows from the above discussion 
just above, and equation (7) that in the vector representation M takes the form 

D{M) = ££- = (dete)-^ ( ""Ife^'Tf/fS l-^CC^ ) 

Writing out the indices explicitly D{M) tvm = i^^'^) nm it is clear that D{M) is inert under 
local 50(10) §>> 50(10) transformations as the tangent index is summed but transforms as 
a SO(10,10) vector on both of its lower world indices. In what follows we write D{M) just 
as M for simplicity. 

We can construct an invariant Lagrangian out of M and On- These are inert under 
local transformation and so the most general such object bilinear in generalised space-time 
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derivatives is given by 



L = cidsMpQdT{M-^f'^{M-^f^ + C2ds{M-Y^dpMTQ{M-^) 
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+C3ds{M-ydp{M-Y'^MRQ + ^dsdetMdTidetM)-\M-y^ 

+ ^detMdT{detM)-^ds{M-Y^ (10) 

where ci, . . . , C5 are constants. 

It is instructive to evaluate this Lagrangian in terms of the fields and this is easi- 
est achieved by going to string frame. That is carrying out the field redefinitions e — > 
e~4«es, A — > e^°'As whereupon we find that 

£^e-i£, where £ ^ {^^ ^g- it' ^ (H) 

and = e~^"'detes- The Lagrangian of equation (10) then becomes 

L = e^cdsMpQdriM-Y'^iM-'f'' + c^dsiM'Y'^dpMTQiM-Y^ 

+C3ds{M-Y^dp{M-Y'^MRQ) - (20ci + cs - cg + C4 - 2c5)e^dsTdTTlM-Y^ 

-2e"(c2 - C3 - C5)dsTdT{M-Y'^ (12) 

where M = ££'^. We note that although £ does not have determinant one, £ does have 
determinant one and is an element of SO(10,10). 

The field redefinition could also have been achieved by using a different choice of 
generators in the group element. Indeed, we can rewrite the group element of equation (3) 
in terms of the generators of SO(10,10), given in appendix A, and R to find 

where Cg = as a matrix, and e~^" = e'^ . Thus string frame is associated with the group 
element when written in terms of the SO (10, 10) generators and e'^ is associated with the 
GL(1) factor. 

So far we have constructed a theory which is invariant under a rigid symmetry namely 
5*0(10, 10)) GL{1) but we would like to construct a theory that has local symmetries 
which replace the rigid symmetries of <S'O(10, 10)). This is a theory with diffeomorphisms 
and gauge symmetries. The way to do this has been set out in the context of other 
theories. For the case of gravity one writes down the non-linear realisation of GL{D) (gjg P 
where P are the translations and then demands that the theory admit diffeomorphism, or 
equivalently, admit a simultaneous realisation with the conformal group [11]. This fixes 
the constants in the Lagrangian which has just the rigid symmetries of the non-linear 
realisation and one finds Einstein's theory of gravity. A similar procedure was followed at 
low levels for the En h non-linear realisation to find maximal supergravity theories but 
in these theories one also finds that the theory was gauge invariant corresponding to the 
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presence of the gauge fields [1,2]. A more subtle strategy was carried out in the context 
of maximal supergravity in four dimensions and its E-j symmetry [12]. An E-j ®s li non- 
linear realisation was constructed where in this case the li representations is the fifty six 
dimensional representation of -Ey. It was shown [12] that the corresponding action admitted 
a diffeomorphism symmetry if one neglected the coordinate dependence on forty nine of 
the fifty six coordinates, leaving a seven dimensional dependence, and fixed the constants 
in the action to a particular set of values. In fact this diffeomorphism invariance required 
a contribution from the four dimensional metric of the eleven dimensional supergravity 
theory in which the E'j theory was embedded. Unlike the case of gravity, the E'j theory 
can not admit a conformal symmetry that would imply the rigid symmetries of the non- 
linear realisation become local. 

We now follow this same strategy here. We restrict the derivatives in the generalised 
space-time to be only in the x" directions. Carrying out this step let us evaluate the 
Lagrangian of equations (10) and (12) by substituting the expression for £ of equation 
(11), we find that 

L = c^e'^{2d^gp^d'^gP- - ^d^A^^d^AP, - ^d^Al^d^g^-) 

+C2e^gP''d^g''^d,gp,-^dPA\d,Ap-+^d^g''^d,AP,A%+^d,gP^^^ 

+C3e^d^g^^Pd.g''''gp^ + ^d^A%d,A\gf"^ + ^d^A^d^g'^'^Af, - -^d^g^Pd^g^^ A^^) 

-(20ci + C2 - C3 + C4 - 2c5)e"a^Ta^r^'^^ - 2e^(c2 - C3 - c^)d^Td^gi''' (14) 

where = g^'^dj, and = A/Ap^. 

To fix the coefficients in the Lagrangian it is simplest to carry out an infinitesimal 
diffeomorphism and gauge transformation on the bilinear terms and in particular the vari- 
ations 5h^y = d^i^ + 9^^^, where g^,, = e^°-ej,a = Vi^u + '^h^^ at lowest order, and 
5A^jj = d^Ai, — d^A^ we find the action is invariant provided ci = — 04 = 6c2, C5 = 0. 
In fact the coefficient C2 and C3 occur in the combination C2 — C3 and so we can set C3 = 0. 
We can choose the overall scale of the Lagrangian so that 

Ci = ^, C2 = -1, C4 = -6 (15) 

all others being zero. 

We find that with these constants the Lagrangian is just that for the NS-NS sector of 
the IIA supergravity which is given by 

4 J d'\detee-^''{^R - ^F^,^,^,F'^^^^^^ + 2d^ad^a} (16) 

In deriving this result we have used the identity 

J d^x^J-detge-'^''R 
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-^d'^ilndet g)d^'g^, - 2d,a{2r^ - g^'^dPgrp)} 

= j d^xyf^ge-'"'{-\d^g'''^d,grX + -^d^gp^d^g^^ + d^rd^'r - d^^rd^g^x - Ad'^ad^a} 

(17) 

valid in D dimensions and the definitions F^^^ = ^g^^ {di,grij, + d/^gn, — drg^u) and R^^'^x = 

It is interesting to trace how the famihar density factor det e arises in the above 
Lagrangians. Each factor of M carries with it a (dete)^-'^ factor which it inherited from 
the product of two each with factor (dete)~2^ this in turn had its origin in the last 
terms, with factor of one half, in the commutation relations of K"'i, with Pa and given 
in equation (2). This additional term arises as Pa is the highest weight state in the En 
representation. The two space-time derivatives in the Lagrangian ensure that there is one 
more factor of than of M in order to balance the indices and as a consequence we 
find the desired det e factor. It is interesting to note that this factor has its origins in the 
£^11 algebra and the definition of the li representation. 

We now comment on the relation of this paper to the work on the so called double 
field theory. This result was developed in a number of substantial papers [17-20] which 
had their origins in earlier work on string field theory [21] and reference [22]. The final 
result was a field theory with a metric, two form and dilaton, i.e. the fields of the massless 
NS-NS sector of closed strings, but which depend on the coordinates and t/a which 
transformed as a vector of 0(D,D). As the author of this paper understands it, doubled 
field theory was found by a circuitous route beginning [17] by extracting the quadratic 
and cubic terms, together with their gauge transformations, from gauge covariant closed 
string field theory [23]. These terms were then shown to be invariant under a set of 
0(10,10) transformations introduced by ansatz. By assuming a set of requirements, gauge 
transformations were found to all orders in the fields and written in an 0(10,10) covariant 
way [18]. By introducing covariant derivatives an all orders Lagrangian was found that 
agreed with that of closed string field theory at quadratic and cubic order [19] and shown 
to be invariant under the gauge transformations if a constraint held. In the general case 
this constraint was the same as suppressing all dependence on i/a. 

Finally, this Lagrangian was expressed in terms of an 0(10,10) generalised metric 
H (the M in this paper) and e~^'^ (the e~'^ in this paper). In fact this Lagrangian was 
previously contained in a seminar [24] of one of the authors (OH). However, it was also 
claimed in the seminar that H~^dH was the Cartan form of 0(10,10). It was pointed 
out [25] by the author of this paper that the final result was almost certainly the lowest 
level non-linear realisation of En h, i-e. the result of this paper, and that the non- 
linear realisation would contain M = gg^ where g G 0(10, 10) with the transformation 
g — )■ gogh being understood. This relation subsequently appeared in paper [20] but in the 
form M = g'^g. Unfortunately this latter expression is not inert under the local h part to 
the transformation g — > g^gh of equation (5.1) of paper [20]. 
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Although our final result of equation (10) with the constants of equation (15) agrees 
with that of [20] the derivation presented in this paper is very different. We begin with 
an entirely group theoretic construction, i.e the non-linear realisation of En as 
proposed in reference [3], at lowest level. It is important to realise that this is not the 
same as the traditional sigma model associated with internal symmetries. The fields, their 
rigid 0(D, D) (8) GL{1) transformations and the most general Lagrangian are found by a 
very straightforward calculation. The constants in the Lagrangian are fixed, following the 
ideas of [11,1,2,12], by demanding that the Lagrangian be diffeomorphsim invariant when 
the fields are restricted to depend only on x^. Crucial to this construction is the GL(1) 
factor in the symmetry which seems to play no role in the papers on double field theory. 
Such an additional factor is required from the non-linear realisation perspective since the 
generators not in the local subalgebra lead to fields in the final theory and we require a 
D + 1 commuting subalgebra in order to find the diagonal components of the metric and 
the dilaton. As explained above it is also essential to get the usual det e density factor in 
the Lagrangian. 

The Ell ®s h non-linear realisation also provides a clear method to include the 
Ramond-Ramond fields and indeed higher level fields and also the corresponding additional 
coordinates. Furthermore it makes it clear that the symmetry underlying the doubled field 
theory, which had its origins in string field theory, is just that of the non- linear realisation 
of Ell <8)s ^1- 

It is instructive to consider the eleven dimensional theory formed from the En li 
non-linear realisation with local subalgebra K{Eii) at lowest level, i.e. level zero with 
respect to the deletion of node eleven. The resulting subalgebra is GL(ll) which is as- 
sociated with eleven dimensional gravity. At level zero one has the GL(ll) algebra, with 
generators K^b, a,h = 1, . . . , 11 and the local subalgebra is just SO(IO), while in the li 
representation there are only the usual space-time translations Pa- Their commutation 
relations, as derived from £"11, are given by 

[K\, K'^a] = - ^dK'b, [K\, Pa] = -S'aPb + l^^Pa (18) 

We note the presence of the second term in the last commutator whose origin was discussed 
in appendix A. We can now follow exactly the path as above, we take the group element 
9 = gidE = e^'^e^'^ and find from the Cartan form that = {dete)~'2e where e^°' = 
i^^)^"'- The most general invariant action is formed from 9^ = and M = SS^ and 
has the above form of equation (10) with the indices M,N, . . . now being replaced by 
/i,z/=l,...,ll. We find a diffeomorphism invariant result, which is general relativity, in 
D dimensions provided ci — ^, C2 = — |, C3 = = C5 and C4 = ~;d^- course D = 11 
for the case of interest to us. However, we note that the det e factor has the same origin as 
that just described above, namely in the second term of the last commutator of equation 
(18). 

It is amusing to consider the next level in eleven dimensions. At level one we have 
the three form generator R"'^'^ in the adjoint representation of En and the generators Zab 
in li representation. Thus we have the field Aabc which now depends on the coordinates 
x°' and ijab- The group element is ^ = qiqe with gi = e^'^e^''^ and qe = e^'^e^'^. The 
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Cartan form takes the form 



V = g-Hg = gE^dx'^Pa + dyabZ''')gE + gE^dgs 



= {dx'',dyab)S ( r,ab 1 +9E^dgE 




(19) 



where the generahsed vierbein £ is given as a matrix by 




(20) 



One can then construct M = ££^ which is invariant under local transformations. We hope 
to report elsewhere on the dynamics of the non-linear realisation. The same calculation 
can easily be carried out for the IIA theory at the next level. The additional fields and 
coordinates were listed earlier in this paper. 

In a previous paper [15] it was shown that quantising the SO(10,10) symmetric string 
leads to a field theory with coordinates x", or or a field theory with the coordinates 
x"" and y^'but which obey non-trivial commutation relations, that is a non-commutative 
field theory. The different theories corresponding to the different choices of representations 
of the fundamental commutators of the theory. It is tempting to assume that all these 
different theories lead to the same physical result, but it can not be excluded that they 
may differ in subtle ways. It would be interesting to investigate the connection with the 
results found in this paper. It is striking that some non-linear realisations admit, with a 
suitable choice of constants, local symmetries. The deeper meaning of this result has yet 
to be understood. 
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Appendix A 

In this appendix we calculate the algebra i^n 0.5/1 at lowest level for the decomposition 
appropriate to the IIA theory. We will begin with the known algebra of the £^11 algebra in 
terms of A\q, or SL(ll), representations [1,3]. This algebra is found by deleting node eleven 
in the Dynkin Diagram of £^11 ( see figure 1). For a decomposition of £11 corresponding to 
a subalgebra associated with the deletion of a particular node, the resulting generators can 
be classified in terms of increasing level. As for any Kac-Moody algebra, the generators 
of Ell are constructed as multiple commutators of the Chevalley generators and the level 
of a given positive (negative) root generator with respect to a particular node is just 
plus (minus) the number of times that the positive (negative) root Chevalley generators 
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associated with this node occurs in this multiple commutator. For the decomposition 
to SL(ll) we consider the level associated with node eleven. At level zero we have the 
algebra GL(ll) with the generators K^-^, a, 6 = 1, ... 11 and at level one and minus one 
the rank three generators i?"^'^ and Rabc- These level zero and one generators contain 
all the Chevalley generators of En (the positive root Chevalley generator associated with 
node eleven is R^^^^^) and so their multiple commutators lead to all generators of En. 
As a result the level of a generator that occurs in the SL(ll) decomposition is just the 
number of times the generator R"'^'^ occurs minus the number of times the generator Rabc 
occurs. The generators at level two and minus two are i?°^i - "6 Qj^d Rai...ae respectively, 
while those at levels three and minus three are H^-^ - ^-S'^ and Rai...a8,b respectively 
The £^11 algebra at levels zero and up three is given by [1,3] 

[K\,K'^d]=S',K-d-S2K%, (A.l) 

and 

where + . . . means the appropriate anti-symmetrisation. 

The Ell level zero and negative level generators up to level minus three obey the 
relations 

-Rci-.-ca] = -^ci-Rbc2C3 - • • • , [-f^^f., ^ci-.-ce] = - (^ci -R&C2...C6 " • • • , (^-5) 

[K^-b, Rci...C8,d\ = - iSciRbC2...Cs,d H ) - ^d^Cl...C8,6- (^-6) 

[Rci...C3i Rc4...cq] = '^Rc-i_...cei [-Rai...ae ! -R61...63] = S-^ai . . .ag [&i &2 ,^3] ' i^-'^) 

Finally, the commutation relations between the positive and negative generators are given 

by 

rpoi...03 p, , 1 _ 1 ox[oi02 7^-03] 9 raia2a3 rp, , poi...06l _ ^' r[ai02a3 p04a606] 

[-ft , ilbi-.-bsl — ^°^[bj^b2 ^3] ^"616263-^' [-"-bi-.-bai J ~ "^"616263 

[R''^-^\Rb,...be] = -5!.3.35[,«-,7K««l5a] +515^^^^^^^^^^^^^ 

[Ra....as,R''-'''l - 8.7.2(5{:f;;ii?''-^s]'= - <5|:f;J:ii?^3....s]) 

where D = Y^b^'b, = WtSl ' KlKD = 4?C^ ^^^^ similar formulae when 

more indices are involved.We have taken the liberty of listing the algebra to a somewhat 
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higher than required in this paper. In fact these equations correct the coefficients of one 
of the equations contained in reference [3]. 

The IIA theory arises when we consider the deletion of node ten in the En Dynkin 
diagram to leave a SO(10,10) algebra leading to a decomposition of £"11 into representations 
of this algebra. However, it is illuminating to then delete node eleven and analyse the 
representations of SO(10,10) in terms of SL(IO). Thus in this case we have two levels 
which we may write as (/i, ^2) and are associated with nodes ten and eleven respectively. 
At level /i = we find generators with I2 = which are the generators of GL(IO), denoted 
by K"'i), a,b = 1, 2 . . . , 10, and the generator of R which is some combination of K^a 
and K^^ii as well as the generators R"-^^^ = R^^ and Rat = Rabii at levels I2 = 1 and 
I2 = —1 respectively. Substituting into the above algebra of equations (A.1-A.8) one finds 
that these generators obey the algebra 

[K\, K^d] = SlK^d - S2K%, [K\, i?^^] = - [K\, R,a] = -5^,Rm + S^Rbc, 

Red] = ^S^^K'^^d] + [R""', = = [Rab, Red], [R, i?"' ] = 0, [R, Rab]=0 

(A.9) 

where R=- ^aLi K\ + 2,K^\i. 

At first sight this is not obviously the algebra of S0{1{), 10) ® GL{1), however, if we 
redefine the GL(IO) generators by 

k''b = K% + ^5lR, (A.IO) 
leaving all other generators the same one, finds the above algebra becomes 
[K\, k'd] = m\ - S^k%, [k\, R'd] = 5',R-^ - 5tR''^ [k\, Red] = -51Rm + 5S^6c, 

[R-\ Red] = ^S\^k'^d] , [R""', R'''] = = [Rab, Red] {A.ll) 

which we recognise as the algebra of SO(10,10) and an additional generator R that com- 
mutes with all the SO(10,10) generators. 

We also need the fundamental representation of En associated with node one. By def- 
inition this is the representation with highest weight Ai which obeys {Ai,aa) = Sa,i, a = 
1,2..., 11 where eta are the simple roots of En. In the decomposition to Sl(ll), cor- 
responding to the deletion of node eleven, one finds that the h representation contains 
the objects Pa, a=l,...,ll, Z"** and ^ai-^B corresponding to levels zero, one and two 
respectively. We have taken the first object, i.e. Pa, to have level zero by choice. Taking 
these to be generators in a semi-direct product group denoted £^11 (8)^ li their commutation 
relation with the level one generators of £"11 are given by 

ai0203 jj^j _ 2^[a'i^a2a3] |'^ai0203 ^6i62j _ ^0102036162 
|'^oi0203 ^6i...65j _ ^bi...bs[aia2,a3] _|_ ^61. ..65010203 
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(A12) 



These equations define the normahsation of the generators of the li representation. The 
commutator of K"'i, with can only take the form [K°'i,,Pc] = —S'^Pb + eS^Pc where 
e is a constant. This commutator was found [3] to have e = ^ as a result of the fact 
that /i is an £^11 representation. We summarise the argument here as this relation plays 
a crucial role in this paper. Since Pi corresponds to the highest weight state in the 
representation the action of the Chevalley generator Hn is given by [Hn, Pi] = (ckh, Ai)Pi 
where Hn = f (-fsT^g + K^^io + K^^u) - l{K^i + • • • + K^s) is the Chevalley generator 
in the Cartan subalgebra associated with node eleven. Since (Ai,q;ii) = we must have 
[Hii,Pi] — and then we find e — ^ as claimed. Using the Jacobi identity and the fact 
that e = I we conclude that 

Using the Jacobi identities, equations (A. 13) and equations (A.1-A.8) we find that 
and the commutators with the negative root generatorsare given by 

rp p i _ f) rp 76ib2l —(1X^1^2 p rp 761. ..bs] _ ^ r[6i62&3 7b4b5] 

[-"-010203 ) bj — ^; L-'''aia2a3 ' ^ J ^ [0102 ^^sj' [-"-010203;^ J — 2 "i"2a3 

{A.15) 

As seen from the IIA perspective we first delete node ten and then node eleven; the 
level /i = generators of the li multiplet are Pa, a = 1, . . . , 10 and Q"^ = —2Z"'^^ which 
have levels I2 = and I2 — 1 respectively. We find from the above algebra that they obey 
the commutation relations 

[K\, Pa] = -5lPb + \5iPa, [P«^ Pe] = -^(5c"Q' - ^c<3") = [Rab, Pc] = 0, 

[K%, = StQ'^ + ^5tQ^ [Rab, Q"] = 2{SlPb - 5lPa) = AS^^Pb] , [R""', Q"] = 0, 

[R, Pa] = -3Pa, [R, Q1 = -3Q" {A.16) 

It will be useful to also give the commutators in terms of the generator R= j2{~ Y^a=i ^'^a+\ 
9K^^ii), used in the non-linear realisation, which leads to 

[R, Pa] = 0, [P, Q"] = ^g«, [P, R'^'] = ^P"^ [P, Rab] = —Rab (^.17) 

It is instructive to give these relations when we take the generators of equation (A. 10) 
that are those of the SO (10, 10) algebra. Then one finds that 

[k\,Pa] = -6'aPb, [R''\Pc] = —{S^cQ' - ^IQ'^) = [Rab,Pc] = 0, 
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[k\, Q^] = 5,^Q«, [Rab, Q^] = 2(5^P6 - 5lPa) = 4(5f„P6], Q^] = 0, (A.18) 

which are those corresponding to the usual vector representation of SO (10, 10). The rela- 
tions with the additional GL(1) factor are given in equation (A. 16). 

• 11 
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Fig 1. The En Dynkin diagram 
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